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
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$PDU2XDRXDLVD3K'VWXGHQW+HUHFHLYHGKLV0DJLVWHUGHJUHHLQ0DWKHPDWLFDO6FLHQFHVIURP
%DGML 0RNKWDU 8QLYHUVLW\ $QQDED $OJHULD LQ  +LV PDLQ UHVHDUFK LQWHUHVWV LQFOXGH
VWRFKDVWLFFDOFXOXVWKHWKHRU\RI0DUNRY¶VSURFHVVHVDQGG\QDPLFDOV\VWHPV
0LQJ&KDX LVDQ(QJLQHHUDQG5HVHDUFKHU LQ$SSOLHG0DWKHPDWLFVDQG&RPSXWHU6FLHQFH+H
JUDGXDWHG ZLWK DQ (QJLQHHU GHJUHH LQ &RPSXWHU 6FLHQFHV DQG $SSOLHG 0DWKHPDWLFV IURP
(16((,+77RXORXVH)UDQFHLQ+HFXUUHQWO\ZRUNVDW$GYDQFHG6ROXWLRQV$FFHOHUDWRUD
)UHQFK ,7 ILUPVSHFLDOLVHG LQ VFLHQWLILF VRIWZDUHDQGKDUGZDUH+H UHFHLYHGKLV3K'GHJUHH LQ
 IURP WKH ,QVWLWXW 1DWLRQDO 3RO\WHFKQLTXH RI 7RXORXVH ,13 7RXORXVH ± 8QLYHUVLW\ RI
7RXORXVH )UDQFH +H DOVR UHFHLYHG KLV +DELOLWDWLRQ j 'LULJHU GHV 5HFKHUFKHV GHJUHH LQ
&RPSXWHU 6FLHQFHV IURP ,13 7RXORXVH LQ  +LV UHVHDUFK LQWHUHVWV LQFOXGH DV\QFKURQRXV
DOJRULWKPV LPDJH SURFHVVLQJ DQG QXPHULFDO VLPXODWLRQ ZLWK DSSOLFDWLRQV WR ELRPHFKDQLFDO
HQJLQHHULQJDQGPHGLFDOLPDJLQJ
+DFqQH %RXWDELD UHFHLYHG KLV 'RFWRUDO GHJUHH LqPH F\FOH LQ 3XUH 0DWKHPDWLFV IURP WKH
6FLHQWLILFDQG0HGLFDO8QLYHUVLW\RI*UHQREOH)UDQFHDQGKLV3K'VWDWXVIURPWKH8QLYHUVLW\RI
$QQDED$OJHULDZKHUHKHZDVSURPRWHGWRD3URIHVVRUKROGHULQ+HLVWKH'LUHFWRURIWKH
/DERUDWRU\ RI 3UREDELOLW\ DQG6WDWLVWLFV FUHDWHG LQ  DQG VXSHUYLVHVPDQ\ VWXGHQWV LQ ERWK
0DVWHU DQG3K'+LVPDLQ ILHOGVRI UHVHDUFK LQFOXGH VWRFKDVWLF FDOFXOXVSDUWLFOH V\VWHPVDQG
UDQGRP PDWULFHV +H LV DOVR D VFLHQWLILF H[SHUW DQG DGYLVRU IRU VHYHUDO QDWLRQDO VFLHQWLILF
FRPPLWWHHV DQG DJHQFLHV DQG ZDV +HDG RI WKH 'HSDUWPHQW RI 0DWKHPDWLFV GXULQJ WKH
±SHULRG

 ,QWURGXFWLRQ
0DQ\ PRGHOOHG SKHQRPHQD E\ WKH +DPLOWRQ-DFREL
%HOOPDQHTXDWLRQDUHWKHUHVXOWVRIWKHPHWKRGRIG\QDPLF
SURJUDPPLQJ LQLWLDWHG E\ 5LFKDUG %HOOPDQ WR VROYH
RSWLPLVDWLRQ SUREOHPV LH SUREOHPV ZKHUH WKH EHVW
SRVVLEOHGHFLVLRQIRUHDFKJLYHQGDWHSHUIRUPDQFHFULWHULRQ
LVPDGH
7KH HTXDWLRQ RI G\QDPLF SURJUDPPLQJ JHQHUDOLVHV
SUHYLRXV ZRUN LQ FODVVLFDO PHFKDQLFV +LVWRULFDOO\
DSSOLHG LQ HQJLQHHULQJ DQG RWKHU DUHDV RI DSSOLHG
PDWKHPDWLFV WKH +DPLOWRQ-DFREL%HOOPDQ HTXDWLRQ KDV
EHFRPH DQ LPSRUWDQW WRRO LQ GHFLVLRQ PDNLQJ SUREOHPV
LQYROYLQJHFRQRPLFVDQGILQDQFLDOPDUNHWVVHH'RQJHWDO
:DQHWDO
0RWLYDWHGE\XQFHUWDLQW\SUREOHPVDERXW WKHVWRFKDVWLF
YRODWLOLW\ ULVNPHDVXUHV LQ ILQDQFH3HQJ KDV
LQWURGXFHGDQHZQRWLRQRIQRQOLQHDUH[SHFWDWLRQVSDFHWKH
VRFDOOHG GH[SHFWDWLRQ ZKLFK LW FDQ WDNH WKH XQFHUWDLQW\
LQWR FRQVLGHUDWLRQ 7KHGH[SHFWDWLRQ KDV EHHQ GHYHORSHG
YHU\ UHFHQWO\ DQG RSHQHG WKH ZD\ WR WKH LQWURGXFWLRQ RI
GQRUPDO UDQGRP YDULDEOHV XQGHU WKH IUDPHZRUN RI
GH[SHFWDWLRQVSDFH 3HQJ7KHPDLQGLIILFXOW\ OLHV
LQWKHIDFWWKDWWKHGH[SHFWDWLRQLVLQWULQVLFLQWKHVHQVHWKDW
LW LV QRW EDVHG RQ D JLYHQ OLQHDU SUREDELOLW\ VSDFH 7KH
GKHDW HTXDWLRQ GHILQHG E\ 3HQJ  LV D QRQOLQHDU
HTXDWLRQ UHODWHG WR WKH GQRUPDO GLVWULEXWLRQ DQG
JHQHUDOLVHV WKHFODVVLFDOQRUPDOGLVWULEXWLRQ7KLVHTXDWLRQ
ZKLFK LV D VSHFLDO NLQG RI +DPLOWRQ-DFREL%HOOPDQ
HTXDWLRQ &UDQGDOO HW DO  KDV D XQLTXH YLVFRVLW\
VROXWLRQ3HQJ7KHH[LVWHQFHDQGWKHXQLTXHQHVVRI
WKHVROXWLRQRIWKHGKHDWHTXDWLRQLQWKHVHQVHRIYLVFRVLW\
VROXWLRQFDQEHIRXQGIRUH[DPSOHLQ3HQJDQG<RQJ
DQG=KRX
0LQJVKDQJ  REWDLQHG WKH H[SOLFLW YLVFRVLW\
VROXWLRQ RI WKH *KHDW HTXDWLRQ >VHH HTXDWLRQ  EHORZ@
ZLWKWKHLQLWLDOFRQGLWLRQIx xkIRUHDFKLQWHJHUk .
1.1 Background 
7KHWKHRU\RIGQRUPDOGLVWULEXWLRQGH[SHFWDWLRQDNLQG
RIQRQOLQHDUH[SHFWDWLRQWKHRQHGLPHQVLRQDOG%URZQLDQ
PRWLRQDQG WKHDVVRFLDWHGVWRFKDVWLFFDOFXOXV LV LQWURGXFHG
LQ 3HQJ  8QOLNH WKH FODVVLFDO QRUPDO GLVWULEXWLRQ
&VFKDUDFWHULVHGE\WKHOLQHDUKHDWHTXDWLRQ
 
          
w w  u !w wu u t x T Tt xV  
WKHGKHDW HTXDWLRQ VDWLVILHG E\ WKHGQRUPDO GLVWULEXWLRQ
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 > @  G D D V D V  LV DVVRFLDWHG
WRWKHQRQOLQHDUKHDWHTXDWLRQ

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,Q WKH VHTXHOZHZLOO H[WHQG WKLV NLQG RI ERXQGDU\ YDOXH
SUREOHPWRWKHdGLPHQVLRQDOVSDFH
1.2 Preliminaries definitions 
7KH DLP RI WKLV VHFWLRQ LV WR UHFDOO VRPH EDVLF GHILQLWLRQV
DQG SURSHUWLHV RI GH[SHFWDWLRQV GKHDW HTXDWLRQ DQG
G%URZQLDQPRWLRQVWKDWZLOOEHQHHGHGVXEVHTXHQWO\)RU
DPRUH GHWDLOHG GHVFULSWLRQ RI WKHVH QRWLRQV WKH UHDGHU LV
UHIHUUHG WR 3HQJ  $GDSWLQJ WKH DSSURDFK LQ 3HQJ
  OHW ȍ EH D JLYHQ QRQHPSW\ IXQGDPHQWDO
VSDFHDQG EHDOLQHDUVSDFHRIUHDOIXQFWLRQVGHILQHGRQȍ
VXFKWKDWx  
x  LVVWDEOHZLWKUHVSHFWWRORFDO/LSVFKLW]IXQFWLRQV
LHIRUDOOd DQGIRUDOOXXd ICl,LipdLWKROGVDOVRIXXd 

5HFDOOWKDWCl,LipdGHQRWHVWKHVSDFHRIDOOORFDO/LSVFKLW]
IXQFWLRQVIdĺVDWLVI\LQJ      _ _ _ _ _ _    m m dx y C x y x y x y d    I I  
IRU VRPH C >  m  GHSHQGLQJ RQ I 7KH VHW  LV
LQWHUSUHWHGDVWKHVSDFHRIUDQGRPYDULDEOHVGHILQHGRQ:
Definition 1:$VXEOLQHDUH[SHFWDWLRQRQ LVDIXQFWLRQDO
 ĺZLWKWKHIROORZLQJSURSHUWLHVIRUDOOXY 
ZHKDYHx monotonicityLIXYWKHQ>X@>Y@x preservation of constants>c@ cIRUDOOcx sub-additivity>X@í>Y@>XíY@x positive homogeneity>OX@ O>X@IRUDOOO
7KHWULSOH: LVFDOOHGDVXEOLQHDUH[SHFWDWLRQVSDFH
Definition 2: $ UDQGRP YDULDEOH  dY   LV VDLG WR EH
LQGHSHQGHQW RI  dX   XQGHULI IRU HDFK WHVW IXQFWLRQ
    d dl LipCI  we have >IXY@ >>IxY@x X@.
Definition 3: *LYHQ WZR VXEOLQHDU H[SHFWDWLRQ VSDFHV
:   DQG :   WZR GGLPHQVLRQDO UDQGRP
YHFWRUV X  d DQG   dX   DUH VDLG WR EH LGHQWLFDOO\GLVWULEXWHG XaX LI IRU HDFK WHVW IXQFWLRQICl,Lipd
ZHKDYH>I;@ >IX@
7KLV WKHRU\ UHODWHG WR WKH *KHDW HTXDWLRQ KDV EHHQ
PRWLYDWHG E\ WKH HDUOLHU VWXGLHV RI GH[SHFWDWLRQ DQG
FRQGLWLRQDO GH[SHFWDWLRQ GHILQHG ZLWK WKH KHOS RI D
EDFNZDUGVWRFKDVWLFGLIIHUHQWLDOHTXDWLRQDQGE\GHVFULELQJ
FRKHUHQWDQGG\QDPLFULVNPHDVXUHV7KHGH[SHFWDWLRQFDQ
EHUHJDUGHGDVDFRKHUHQWULVNPHDVXUHDQGWKHFRQGLWLRQDO
GH[SHFWDWLRQFDQEH UHJDUGHG DV DG\QDPLF ULVNPHDVXUH
3HQJ  H[WHQGHG KLV IRUPHU VWXGLHV WR WKH
PXOWLGLPHQVLRQDO G%URZQLDQ PRWLRQ DIWHU KDYLQJ
LQWURGXFHG D PXOWLGLPHQVLRQDO GQRUPDO GLVWULEXWLRQV YLD
WKHQRQOLQHDUKHDWHTXDWLRQFDOOHGWKHGKHDWHTXDWLRQ         w   uw du G D u t x Tt 
ZKHUHDu LV WKH +HVVLDQPDWUL[ RI u LH   ww w i jux xD u 
DQG     VXS      dij di j
B
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GHQRWHVWKHVSDFHRId ud V\PPHWULFPDWULFHVQRWHWKDW d
LV D   GLPHQVLRQDOd d  (XFOLGHDQ VSDFH RI WKH LQQHU
SURGXFW DB   tr>DB@* LV D JLYHQQRQHPSW\ FRQYH[
ERXQGHG DQG FORVHG VXEVHW RI WKH VSDFH RI QRQQHJDWLYH
d u d PDWULFHV 3HQJ GHILQHV WKH QRQOLQHDUGH[SHFWDWLRQ
Ö RQC>T@dXQGHUZKLFKWKHFRRUGLQDWHSURFHVVB
LVDSURFHVVZKLFKIXWXUHLQFUHPHQWVDUHLQGHSHQGHQWRIWKH
SDVW RQHV DQG G-QRUPDOO\ GLVWULEXWHG 6XFK D SURFHVV LV
FDOOHGG%URZQLDQPRWLRQ3HQJGHYHORSHGWKHQWKH
UHODWHG VWRFKDVWLF FDOFXOXV ,QSDUWLFXODUKHKDV LQWURGXFHG
WKHVWRFKDVWLFLQWHJUDOZLWKUHVSHFWWRDG%URZQLDQPRWLRQ
HVWDEOLVKHV DQ ,W{ IRUPXOD DQG VWXG\ VWRFKDVWLF GLIIHUHQWLDO
HTXDWLRQV GULYHQ E\ D G%URZQLDQ PRWLRQ 7KH IXQFWLRQ
G:  d6GHILQHGE\
  VXS   * BG D tr DB 
LVDPRQRWRQLFDQGVXEOLQHDUPDSSLQJWKDWLV
D D B GDGB
E GOD OGDOíGíD
F GD BGDGB.
1RZ ZH VWDUW LQWURGXFLQJ WKH GHILQLWLRQ RI G%URZQLDQ
PRWLRQ E\ FRQVLGHULQJ WKH IROORZLQJ SDUDEROLF SDUWLDO
GLIIHUHQWLDOHTXDWLRQFDOOHGWKHGKHDWHTXDWLRQ 

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  
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Definition 4:/HWBttEHDGGLPHQVLRQDOSURFHVVBttLV
FDOOHG G%URZQLDQ PRWLRQ XQGHU D VXEOLQHDU H[SHFWDWLRQ
: LIB DQG
 IRUHDFKtVtDQGICl,LipdBtaBtsíBs
DQGutxGHILQHGE\IxBtLVWKHXQLTXH
YLVFRVLW\VROXWLRQRI
 IRUHDFKm « tt«tmWKH
LQFUHPHQW m mt tB B LVLQGHSHQGHQWWR   āāā mt tB B 
)ROORZLQJ 3HQJ  WKH SURSHUW\ ³ut x GHILQHG E\
Ix  Bt LV WKH XQLTXH YLVFRVLW\ VROXWLRQ RI ´
PHDQV WKDW Bt LV D dGLPHQVLRQDO GQRUPDO GLVWULEXWLRQ
&t*
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1.3 The unbounded case 
)RU WKH QXPHULFDO VROXWLRQ RI WKH W\SLFDO QRQOLQHDU KHDW
HTXDWLRQ WKH IROORZLQJ RULJLQDO UHVXOW LV QHFHVVDU\ 1RWH
WKDW WKLV UHVXOWJHQHUDOLVHV WKH UHVXOWRI -DLOOHWHWDO 
FRQFHUQLQJWKH%ODFN6FKROHVHTXDWLRQ
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1.4 Objectives of the present study 
7KH JRDO RI WKH SUHVHQW VWXG\ LV WR VROYH E\ YDULRXV
QXPHULFDO PHWKRGV HTXDWLRQ  1HYHUWKHOHVV WKH
QXPHULFDOVROXWLRQRIWKHSUHYLRXVSUREOHPEULQJVXSPDQ\
TXHVWLRQV 7KH ILUVW TXHVWLRQ LV UHODWHG WR WKH IDFW WKDW WKH
SUHYLRXV ERXQGDU\ YDOXH SUREOHP LV QRW GHILQHG LQ D
ERXQGHG GRPDLQ EXW LV GHILQHG LQ WKH XQERXQGHG GRPDLQ
d d  . 7KLV GLIILFXOW\ LV VROYHG E\ FRQVLGHULQJ WKH
SUREOHPGHILQHGRQDERXQGHGGRPDLQ:dDQGWKDQNV
WRWKHUHVXOWVWDWHGLQ/HPPDZHNQRZWKDW WKHVROXWLRQ
RI WKH WLPH GHSHQGHQW SUREOHP GHILQHG RQ WKH ERXQGHG
GRPDLQȍFRQYHUJHVWRWKHVROXWLRQRIWKHSUREOHPZKHQ
WKH PHDVXUH RI ȍ WHQGV WR LQILQLW\ 7KH VHFRQG TXHVWLRQ
FRQFHUQV WKH HIIHFWLYH VROXWLRQ RI WKH DOJHEUDLF V\VWHPV
GHULYHG IURP WKH GLVFUHWLVDWLRQ SURFHVV RI WKH FRQWLQXRXV
SUREOHP WR EH VROYHG ,QGHHG IRU VXFK GLVFUHWLVDWLRQ ZH
FRQVLGHURQRQHKDQGWKHWHPSRUDOGLVFUHWLVDWLRQDQGRQWKH
RWKHUKDQG WKHVSDWLDOGLVFUHWLVDWLRQ2ZLQJ WR WKHVWDELOLW\
FRQGLWLRQ WR EH VDWLVILHG E\ WKH FODVVLFDO H[SOLFLW WLPH
PDUFKLQJ VFKHPH WKH WHPSRUDO GLVFUHWLVDWLRQ LV XVXDOO\
DFKLHYHG E\ FRQVLGHULQJ LPSOLFLW RU VHPLLPSOLFLW WLPH
PDUFKLQJ VFKHPHV WKLV SUHYLRXV VFKHPHV OHDG WR VROYH DW
HDFK WLPH VWHS D VWDWLRQDU\ QRQOLQHDU ERXQGDU\ YDOXH
SUREOHP$IWHU VSDWLDO GLVFUHWLVDWLRQZHKDYH WKHQ WR VROYH
ODUJHVFDOH DOJHEUDLF V\VWHPV7KH WKLUG TXHVWLRQ LV UHODWHG
WR WKH IDFW WKDW WKHSUREOHP LVDQRQOLQHDUSUREOHPVR
E\FRQVLGHULQJDQDQDORJRXVZD\WRWKHRQHFRQVLGHUHGIRU
WKH VROXWLRQ RI WKH REVWDFOH SUREOHP 6SLWHUL HW DO 
ZH OLQHDULVH WKH *KHDW HTXDWLRQ E\ D FRPSOHPHQWDU\
IRUPXODWLRQ RI WKLV SUHYLRXV SUREOHP DQG VR DW HDFK WLPH
VWHS ZH KDYH WR VROYH VXFK OLQHDULVHG DOJHEUDLF V\VWHP
REWDLQHG E\ WKH +RZDUG SURFHVV 7DNLQJ LQWR DFFRXQW RQ
RQHKDQGWKHVL]HRIWKHDOJHEUDLFV\VWHPVRIWKHOLQHDULVHG
DQG GLVFUHWLVHG*KHDW HTXDWLRQ DQG RQ WKH RWKHU KDQG WKH
VSDUVLW\ RI WKH GLVFUHWLVDWLRQ PDWULFHV VHTXHQWLDO LWHUDWLYH
PHWKRGV OLNH WKH SRLQW -DFREL RU WKH SRLQW *DXVV6HLGHO
PHWKRGDQGPRUHJHQHUDOO\WKHSDUDOOHOLWHUDWLYHUHOD[DWLRQ
DOJRULWKPVDUHZHOODGDSWHGWRWKHVROXWLRQRIWKHFRQVLGHUHG
SUREOHP 7KHUHIRUH IRU WKH XVH RI WKH SDUDOOHO LWHUDWLYH
UHOD[DWLRQ PHWKRGV ZH FRQFHQWUDWH LQ WKLV SDSHU WR WKH
VXEGRPDLQ PHWKRGV GHILQHG E\ JDWKHULQJ VHYHUDO DGMDFHQW
EORFNV RI WKH GLVFUHWLVDWLRQ PDWULFHV WKHQ LQ DQ XQLILHG
SUHVHQWDWLRQZHFRQVLGHULQWKHVHTXHOVHTXHQWLDODQGPRUH
JHQHUDOO\ SDUDOOHO V\QFKURQRXV RU DV\QFKURQRXV LWHUDWLYH
VXEGRPDLQPHWKRGVZHOO VXLWHG IRU VROYLQJ WKHVHDOJHEUDLF
V\VWHPV 5HFDOO WKDW WKH DV\QFKURQRXV UHOD[DWLRQ PHWKRG
FRUUHVSRQGV WRDJHQHUDOVFKHPHRIFRPSXWDWLRQZKHUH WKH
FRPSXWDWLRQV DUH SHUIRUPHG LQ SDUDOOHO ZLWKRXW RUGHU QRU
V\QFKURQLVDWLRQ DPRQJ WKH SURFHVVRUV %DXGHW 
7KHQ ZKHQ D ODUJH QXPEHU RI SURFHVVRUV DUH XVHG LGOH
WLPHVGXHWRWKHV\QFKURQLVDWLRQVDPRQJWKHSURFHVVRUVDUH
VXSSUHVVHG FRQVHTXHQWO\ LQ WKLV FDVH VLQFH WKH
V\QFKURQLVDWLRQV DUH WLPH FRQVXPLQJ WKH HODSVHG WLPH RI
FRPSXWDWLRQ GHFUHDVHV ZKHQ SDUDOOHO DV\QFKURQRXV
UHOD[DWLRQ DOJRULWKPV DUH SHUIRUPHG 6R ZH FRQVLGHU WZR
NLQGVRIVXFKSDUDOOHODOJRULWKPVRQRQHKDQGWKHSDUDOOHO
V\QFKURQRXV RU DV\QFKURQRXV EORFN UHOD[DWLRQ DOJRULWKP
FRUUHVSRQGLQJ LQ IDFW WR D VXEGRPDLQ PHWKRG ZLWKRXW
RYHUODSSLQJEHWZHHQWKHVXEGRPDLQVDQGRQWKHRWKHUKDQG
WKH SDUDOOHO V\QFKURQRXV RU DV\QFKURQRXV 6FKZDU]
DOWHUQDWLQJPHWKRG LQ ZKLFK WKH VXEGRPDLQV RYHUODS HDFK
RWKHU )RU ERWK SUHYLRXVPDWKHPDWLFDO IRUPXODWLRQV RI WKH
VHTXHQWLDO DQG SDUDOOHO PHWKRGV WKH FRQYHUJHQFH RI WKH
DOJRULWKPV DSSOLHG WR WKH VROXWLRQ RI WKH GLVFUHWLVHG DQG
OLQHDULVHGSUREOHPFDQEHSURYHGE\FRQWUDFWLRQWHFKQLTXHV
*LUDXG DQG 6SLWHUL 0LHOORX DQG 6SLWHUL  IRU
HYHU\VSOLWWLQJRIWKHSUREOHPWRVROYHRUE\SDUWLDORUGHULQJ
WHFKQLTXHV 0LHOORX HW DO  6SLWHUL HW DO 
,QGHHGDPDLQSURSHUW\HQVXULQJ WKHFRQYHUJHQFHRIVXFK
VHTXHQWLDORUSDUDOOHOV\QFKURQRXVRUDV\QFKURQRXVLWHUDWLYH
PHWKRG LV UHODWHG WR WKH IDFW WKDW DIWHU DSSURSULDWH
GLVFUHWLVDWLRQ WKH VSDWLDO SDUW RI WKH RSHUDWRU OHDGV WR D
GLVFUHWLVDWLRQ PDWUL[ ZKLFK LV DQ 0PDWUL[ 2UWHJD DQG
5KHLQEROGW  PRUHRYHU QRWH WKDW WKH XVH RI DQ
LPSOLFLW RU VHPLLPSOLFLW WLPH PDUFKLQJ VFKHPH SUHVHUYHV
WKLVODVWSURSHUW\)RUPRUHGHWDLOVWKHUHDGHULVUHIHUUHGWR
*LUDXG DQG 6SLWHUL  0LHOORX HW DO  0LHOORX
DQG6SLWHULDQG6SLWHULHWDO
,PSOHPHQWDWLRQ RI WKH FRQVLGHUHG DOJRULWKPV LV FDUULHG
RXW RQ +3&#/5 D VXSHUFRPSXWLQJ FHQWUH DQG RQ
*ULG D JULG FRPSXWLQJ SODWIRUP 7KHVH WZR
DUFKLWHFWXUHV DOORZ XV WR VWXG\ WKH EHKDYLRXU RI SDUDOOHO
DOJRULWKPV 7KH VWXGLHG DOJRULWKPV DUH SDUDOOHOLVHG ZLWK
03, IDFLOLWLHV VHH &KDX HW DO  $V\QFKURQRXV DQG
V\QFKURQRXV HIILFLHQF\ RI WKH VWXGLHG SDUDOOHO DOJRULWKPV
FDQEHFRPSDUHG
7KHSUHVHQWVWXG\ LVRUJDQLVHGDVIROORZV ,Q6HFWLRQ
ZH JLYH WKH IRUPXODWLRQV RQ RQH KDQG RI WKH DSSURSULDWH
GLVFUHWLVDWLRQ VFKHPHV DQG RQ WKH RWKHU KDQG RI WKH
OLQHDULVDWLRQ SURFHVV 7KHQ ZH UHFDOO DQG SUHVHQW LQ DQ
XQLILHG ZD\ WKH VHTXHQWLDO DQG SDUDOOHO V\QFKURQRXV DQG
DV\QFKURQRXV DOJRULWKPV IRU WKH VROXWLRQ RI WKH *KHDW
HTXDWLRQ DQG ZH VKRZ WKDW WKH DSSURSULDWH GLVFUHWLVDWLRQ
VFKHPHV FRQVLGHUHG HQVXUH WKH FRQYHUJHQFH RI WKH
VHTXHQWLDO DQG ERWK SDUDOOHO V\QFKURQRXV RU DV\QFKURQRXV
VXEGRPDLQPHWKRGV6HFWLRQLVGHYRWHGWRWKHSUHVHQWDWLRQ
RI WKH VHTXHQWLDO DQG SDUDOOHO H[SHULPHQWV /DVWO\ LQ
6HFWLRQZHJLYHVRPHFRQFOXVLRQDQGSHUVSHFWLYHV
 1XPHULFDOVROXWLRQRIWKHJHQHUDO*KHDW
HTXDWLRQ
2.1 Preliminaries 
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QXPHULFDOVROXWLRQRIWKH*KHDWHTXDWLRQZHFDQFRQVLGHU
WKLVSUHYLRXVSUREOHPHTXLSSHGZLWKERXQGDU\FRQGLWLRQV
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ZKLOH LI WKH 1HXPDQQ KRPRJHQHRXV ERXQGDU\ FRQGLWLRQV
DUH FRQVLGHUHG RQ WKH ERXQGDU\w: WKHQ  LVZULWWHQ DV
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ZKHUH FODVVLFDOO\ wwun  GHQRWHV WKH QRUPDO GHULYDWLYH 1RWH
DOVR WKDW RWKHU FODVVLFDO ERXQGDU\ FRQGLWLRQV VXFK DV WKH
5RELQRUWKHPL[HGERXQGDU\FRQGLWLRQVFDQEHFRQVLGHUHG
,Q WKH VHTXHO ZH FRQVLGHU WKH DQDO\VLV RI HTXDWLRQ 
HTXLSSHGZLWK 'LULFKOHW ERXQGDU\ FRQGLWLRQV QHYHUWKHOHVV
WKLVDQDO\VLVLVVWLOOYDOLGIRURWKHUERXQGDU\FRQGLWLRQV
Remark 2: ,Q IDFW IRU DOO HYHU\ ERXQGDU\ FRQGLWLRQV
FRQVLGHUHG WKH QXPHULFDO VROXWLRQ FDQ EH SHUIRUPHG
ZLWKRXW GLIILFXOW\ E\ WKH VDPH ZD\ DIWHU DSSURSULDWH
GLVFUHWLVDWLRQRIWKHFRQWLQXRXVSUREOHP
$FWXDOO\WKHLQLWLDOSUREOHPLVGHILQHGLQDQXQERXQGHG
GRPDLQWKHQE\DSSO\LQJWKHUHVXOWRI/HPPDZHKDYHWR
FRQVLGHU DQDQDORJRXVSUREOHPGHILQHGQRZRQDERXQGHG
GRPDLQȍVXFKWKDWWKHPHDVXUHRIȍWHQGVWRLQILQLW\WKHQ
ZHKDYHWRFRQVLGHURQHRIWKHSUHYLRXVHTXDWLRQVWR
IRU WKH QXPHULFDO VROXWLRQ RI WKH *KHDW HTXDWLRQ
&ODVVLFDOO\ WKH QXPHULFDO VROXWLRQ RI WKH *KHDW HTXDWLRQ
QHHGV RQ RQH KDQG WKH GLVFUHWLVDWLRQ RI WKH SDUWLDO
GHULYDWLYHV DULVLQJ LQ WKH FRQVLGHUHG SUREOHP DQG RQ WKH
RWKHUKDQGWKHOLQHDULVDWLRQDQGDOVRDIWHUOLQHDULVDWLRQWKH
VROXWLRQRIWKHREWDLQHGDOJHEUDLFOLQHDUV\VWHPV
2.2 Discretisation. 
,QRUGHUWRGLVFUHWLVHWKH*KHDWHTXDWLRQZHFRQVLGHU
 IRUWKHWHPSRUDOSDUWRIWKHHYROXWLRQHTXDWLRQDQ
LPSOLFLWRUDVHPLLPSOLFLWWLPHPDUFKLQJVFKHPHVXFK
DVIRUH[DPSOHWKHFODVVLFDOLPSOLFLWWLPHPDUFKLQJ
VFKHPHRUWKH&UDQN1LFKROVRQVHPLLPSOLFLWVFKHPH
WKXVDWHDFKWLPHVWHSDIWHUDSSURSULDWHVSDWLDO
GLVFUHWLVDWLRQZHKDYHWRVROYHDQDOJHEUDLFODUJHVFDOH
V\VWHP,QWKHVHTXHOZHZLOOGHQRWHE\GtWKH
GLVFUHWLVDWLRQWLPHVWHS
 IRUWKHVSDWLDOSDUWRIWKHHTXDWLRQVLQFHZHKDYHWR
GLVFUHWLVHWKHVHFRQGGHULYDWLYHZLWKUHVSHFWWRWKH
VSDWLDOYDULDEOHZHFRQVLGHUWKHIROORZLQJFODVVLFDO
DSSUR[LPDWLRQIRUDOOl^«1i`
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ZKHUH1iLVWKHQXPEHURIPHVKSRLQWVDORQJWKHiWKD[LVhi
LV WKH VSDWLDO GLVFUHWLVDWLRQ VWHS RI WKH iWK FRRUGLQDWH
/HWXVGHQRWHQRZE\    n j l ku WKHDSSUR[LPDWLRQE\ILQLWH
GLIIHUHQFH PHWKRG RI u…, xj xl xk … tn VR WKH WRWDO
GLVFUHWLVDWLRQ RI WKH *KHDW HTXDWLRQ OHDGV WR VROYH WKH
IROORZLQJQRQOLQHDUDOJHEUDLFV\VWHP
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WKHQ XVLQJ WKLV SUHYLRXV QRWDWLRQ DQ\ FRPSRQHQW RI WKH
SUHYLRXVDOJHEUDLFV\VWHPFDQEHZULWWHQDVIROORZV
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2.3 Linearisation by the Howard process 
*RQJDQG<DQJKDYHVROYHGWKH*KHDWHTXDWLRQE\
FRQVLGHULQJ WKH OLQHDULVDWLRQ RI WKH SUREOHP E\ XVLQJ WKH
1HZWRQ PHWKRG 1HYHUWKHOHVV LW VHHPV WKDW GXH WR WKH
IRUPXODWLRQ RI WKH SUREOHP WR VROYH WKH GLVFUHWH RSHUDWRU
DVVRFLDWHGWRWKH*KHDWHTXDWLRQFDQQRWEHDOZD\VGHULYHG
SDUWLFXODUO\DWWKHRULJLQFRQVHTXHQWO\WKH1HZWRQPHWKRG
VHHPV GLIILFXOW WR DSSO\ ULJRURXVO\ ,Q WKH SUHVHQW VHFWLRQ
ZHSURSRVHDOLQHDULVDWLRQSURFHVVXVLQJWKHFRPSOHPHQWDU\
IRUPXODWLRQ RI WKH SUREOHP WR VROYH VHH 6SLWHUL HW DO
6RZHFDQXVHDOLQHDULVDWLRQSURFHVVVLPLODUWRWKH
RQH XVHG ZKHQ ZH KDYH WR VROYH WKH REVWDFOH SUREOHP
DULVLQJ LQ ILQDQFHRU LQPHFKDQLFVRUPRUHJHQHUDOO\ZKHQ
ZH FRQVLGHU WKH VROXWLRQ RI WKH +DPLOWRQ-DFREL%HOOPDQ
HTXDWLRQ DULVLQJ IRU H[DPSOH LQ LPDJH SURFHVVLQJ *LUDXG
DQG 6SLWHUL  7KLV OLQHDULVDWLRQ FRQVWLWXWHV DQ
H[WHQVLRQ RI WKH +RZDUG SURFHVV XVXDOO\ XVHG IRU WKH
OLQHDULVDWLRQ RI FRPSOHPHQWDU\ SUREOHPV ,Q IDFW WKLV
PHWKRG RI OLQHDULVDWLRQ LV D 1HZWRQOLNH PHWKRG IRU WKH
VROXWLRQ RI WKH VWDWLRQDU\ SUREOHP DVVRFLDWHG ZLWK WKH
*KHDWHTXDWLRQ2ZLQJWRWKHSURSHUWLHVRIWKHSUREOHPWR
VROYHWKHSUHYLRXVGLVFUHWLVDWLRQVFKHPHOHDGVDWHDFKWLPH
VWHSWRWKHVROXWLRQRIDODUJHDOJHEUDLFV\VWHP
3UHOLPLQDULO\ZHFDQVWDWHWKHIROORZLQJVLPSOHUHVXOWV
Lemma 2: &RQVLGHU WKH PDWKHPDWLFDO H[SUHVVLRQE íPD[íD7KHQE PLQD
Proof: ,QGHHG LI íD <  WKHQ PD[íD     DQG
íPD[íD     EXWD >  LQYROYHV WKDW PLQD    
 íPD[íD. 2QWKHFRQWUDU\LIíD > WKHQPD[íD
 íD DQGíPD[íD DEXWD < LQYROYHVWKDWPLQD
 D  íPD[íDDQGWKHSURRILVDFKLHYHG ฀
Lemma 3: &RQVLGHU WKH PDWKHPDWLFDO H[SUHVVLRQT   PD[D  í PD[íD . Then T   PD[D 
PLQD.
Proof: ,QGHHG LI D >  WKHQ PD[D    D DQG
íPD[íD   PLQD    . 2Q WKH FRQWUDU\ LID < 
WKHQPD[D DQGíPD[íD PLQD DZKLFK
DFKLHYHVWKHSURRI ฀
Remark 3: ,Q WKH SUHYLRXV YDOXDWLRQ RI T QRWH WKDW LI
PD[D    D WKHQ PLQD     DQG FRQVHUYHO\ LI
PD[D WKHQPLQD DVRDFFRUGLQJWRWKHVLJQ
RIDWKHUHDOQXPEHUTLVJLYHQE\
PD[   LI 
PLQ   LI 
 !­ ®  ¯ D D DT D D D 
%DVHG RQ /HPPDV  DQG  UHVXOWV DQG5HPDUN ZH FDQ
QRZGHILQHDOLQHDULVDWLRQSURFHVVDQDORJRXVWRWKH+RZDUG
SURFHVV6SLWHULHWDODOORZLQJWRVROYHQXPHULFDOO\
WKH*KHDW HTXDWLRQ ,QGHHGDQ\FRPSRQHQWRI WKH V\VWHP
FDQEHZULWWHQDVIROORZV
            
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7KHQZHDVVRFLDWHWRWKLVSUHYLRXVV\VWHPWKHOLQHDULVHG
V\VWHPVHH*LUDXGDQG6SLWHUL
     
 § ·  ¨ ¸© ¹t n n nI A U U UG  
ZKHUH  nU GHQRWHVWKHFXUUHQWYDOXHRIWKH+RZDUGLWHUDWH
DQGHDFKOLQHRIWKHPDWUL[   nA U LVFRQVWUXFWHGEORFNE\
EORFNE\WKHIROORZLQJZD\IRUDOOOLQHRIWKHV\VWHPDSDUW
RIWKHOLQHLVFRQVWUXFWHGDVIROORZV
 LIWKHUHDOQXPEHUDjlkLVSRVLWLYHWKHQWKHRIIGLDJRQDO
HQWULHVRIWKHFRUUHVSRQGLQJOLQHRIWKHPDWUL[   nA U 
LVFRQVWLWXWHGZLWK i
ih
 V
 HOVHLIWKHUHDOQXPEHUDjlkLVQHJDWLYHWKHQWKH
RIIGLDJRQDOHQWULHVRIWKHFRUUHVSRQGLQJOLQHRIWKH
PDWUL[   nA U LVFRQVWLWXWHGZLWK i
ih
 V
 DQGDOOWKHQXPEHUV  i
ih
V RU  i
ih
V DUHDGGHGLQRUGHUWR
FRPSXWHWKHFRUUHVSRQGLQJGLDJRQDOHQWU\
Remark 4:2EYLRXVO\ IRUd !  WKHPDWUL[   nA U  LV D
EORFNPDWUL[IRUH[DPSOHLIG WKHQWKHPDWUL[$8LVD
WULGLDJRQDOEORFNPDWUL[0RUHRYHULIIRUDOOi^d`
  i iV V  WKHQ WKH PDWUL[ $8 LV VLPLODU WR WKH
GLVFUHWLVDWLRQ PDWUL[ RI WKH /DSODFLDQ RSHUDWRU ,Q WKH
SUHYLRXV OLQHDULVDWLRQ SURFHVV QRWH WKDW HDFK OLQH LV EXLOW
OLQHE\OLQHDQGEORFNE\EORFN
Lemma 4:7KHPDWUL[ ,   t A UG LVDQ0PDWUL[
Proof:,QGHHGVLQFHWKHOLQHDULVDWLRQSURFHVVDQGWKHVSDWLDO
GLVFUHWLVDWLRQ SURFHVV OHDG WR FRQVWUXFW D PDWUL[ A
LUUHGXFLEO\ GLDJRQDOO\ GRPLQDQW WKHQ WKH PDWUL[
,   t A UG  LV VWULFWO\ LUUHGXFLEO\ GLDJRQDOO\ GRPLQDQW
2UWHJDDQG5KHLQEROGWPRUHRYHUDWHDFKWLPHVWHS
WKHJOREDOPDWUL[AUKDVVWULFWO\SRVLWLYHGLDJRQDOHQWULHV
DQG QRQSRVLWLYH RIIGLDJRQDO HQWULHV &RQVHTXHQWO\
,   t A UG LVDQ0PDWUL[DQGWKHSURRILVDFKLHYHG ฀
Remark 5:7KHQDWHDFKWLPHVWHSZHKDYHWRVROYHDODUJH
OLQHDU DOJHEUDLF V\VWHP ZKHUH WKH PDWUL[ WR LQYHUW LV DQ
0PDWUL[6RIRUVROYLQJVXFKOLQHDUV\VWHPZHFDQXVHWKH
VHTXHQWLDO RU WKH SDUDOOHO V\QFKURQRXV RU DV\QFKURQRXV
VXEGRPDLQ PHWKRGV ZLWK RU ZLWKRXW RYHUODSSLQJ EHWZHHQ
WKH VXEGRPDLQV ,Q WKH QH[W VXEVHFWLRQZHZLOO UHFDOO WKH
JHQHUDOIRUPXODWLRQRIVXFKVHTXHQWLDODQGSDUDOOHOPHWKRGV
DQG IRU HDFK WLPH VWHS GXH WR WKH SURSHUW\ RI WKHPDWUL[
,   t A UG WKHVHDOJRULWKPVFRQYHUJH
2.4 Sequential and parallel relaxation algorithms 
,Q WKLVVXEVHFWLRQZHUHFDOO WKHIRUPXODWLRQRI WKHSDUDOOHO
V\QFKURQRXV RU PRUH JHQHUDOO\ DV\QFKURQRXV VXEGRPDLQ
PHWKRGVDQGZHZLOOXVHWKHVHDOJRULWKPVIRUWKHVHTXHQWLDO
DQGSDUDOOHOVROXWLRQVRIWKHJOREDOPRGHOSUREOHP
2.4.1 Parallel subdomain iterative methods without 
overlapping 
&RQVLGHUWKHIROORZLQJDOJHEUDLFV\VWHPRIHTXDWLRQV
 V   
ZKHUH$NV NNDQGN GHQRWHVWKHVL]H
RIWKHOLQHDUDOJHEUDLFV\VWHPLHWKHQXPEHURISRLQWV
RIGLVFUHWLVDWLRQLQHDFKGLUHFWLRQ)XUWKHUPRUHDVVXPHWKDW
LVDQ0PDWUL[  
:H FRQVLGHU WKH QXPHULFDO VROXWLRQ RI  E\ D SDUDOOHO
VXEGRPDLQ LWHUDWLYHPHWKRGZLWKRXW RYHUODSSLQJZKLFK LQ
IDFW FRUUHVSRQGV WR D SDUDOOHO EORFN UHOD[DWLRQ PHWKRG LQ
ZKLFK D VXEGRPDLQ LV FRQVWLWXWHG E\ JDWKHULQJ VHYHUDO
DGMDFHQW EORFNV /HW E   EH D SRVLWLYH LQWHJHU DQG
FRQVLGHU QRZ WKH IROORZLQJ EORFN GHFRPSRVLWLRQ RI WKH
SUREOHPLQWRE VXESUREOHPV

 ^ `   ¦ ij j ij iE E .   
ZKHUH   \ ini i.   ZLWK

  ¦ ii n NE  DQG    ij
DFFRUGLQJ WR WKH DVVRFLDWHGEORFNGHFRPSRVLWLRQ&RQVLGHU
QRZ WKH VROXWLRQ RI WKH VXESUREOHPV  E\ DQ
DV\QFKURQRXVSDUDOOHO LWHUDWLRQVHH%DXGHW0LHOORX
ZKLFKFDQEHZULWWHQDVIROORZV
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ZKHUH^/../iíí/i../E`DUHWKHDYDLODEOHYDOXHV
RI WKH FRPSRQHQWV.j IRU j z i GHILQHG E\     j rj j U/ . 
ZKHUH+ ^sr`rN LVDVHTXHQFHRIQRQHPSW\VXEVHWVRI
^E`GHQRWLQJWKHVXEVHWVRILQGLFHVRIWKHFRPSRQHQWV
XSGDWHG DW WKH r  WK LWHUDWLRQ DQG *   ^Ur «UEr`rLVDVHTXHQFHRIHOHPHQWRIEIXUWKHUPRUH+*YHULI\WKHIROORZLQJDVVXPSWLRQV
^ `      
WKHVHW^ _ 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7KH SUHYLRXV DV\QFKURQRXV LWHUDWLYH VFKHPH PRGHOV
FRPSXWDWLRQV DUH FDUULHG RXW LQ SDUDOOHO ZLWKRXW RUGHU RU
V\QFKURQLVDWLRQ DQG GHVFULEH LQ IDFW D VXEGRPDLQ PHWKRG
ZLWKRXWRYHUODSSLQJ,QSDUWLFXODULWSHUPLWVRQHWRFRQVLGHU
GLVWULEXWHG FRPSXWDWLRQV ZKHUHE\ SURFHVVRUV JR DW WKHLU
RZQ SDFH DFFRUGLQJ WR WKHLU LQWULQVLF FKDUDFWHULVWLFV DQG
FRPSXWDWLRQDOORDG7KHSDUDOOHOLVPEHWZHHQWKHSURFHVVRUV
LV ZHOO GHVFULEHG E\ + VLQFH sr FRQWDLQV WKH QXPEHU RI
FRPSRQHQWV UHOD[HG E\ HDFK SURFHVVRU RQ D SDUDOOHO ZD\
ZKLOHWKHXVHRIGHOD\HGFRPSRQHQWVLQSHUPLWVRQHWR
PRGHO QRQGHWHUPLQLVWLF EHKDYLRXU DQG GRHV QRW LPSO\
LQHIILFLHQF\ RI WKH FRQVLGHUHG GLVWULEXWHG VFKHPH RI
FRPSXWDWLRQ 1RWH WKDW WKHRUHWLFDOO\ HDFK FRPSRQHQW RI
WKHYHFWRUPXVWEHUHOD[HGDQLQILQLWHQXPEHURIWLPHV7KH
FKRLFH RI WKH UHOD[HG FRPSRQHQWV PD\ EH JXLGHG E\ DQ\
FULWHULRQDQGLQSDUWLFXODUDQDWXUDOFULWHULRQLVWRSLFNXS
WKH PRVW UHFHQWO\ DYDLODEOH YDOXHV RI WKH FRPSRQHQWV
FRPSXWHGE\WKHRWKHUSURFHVVRUV
Remark 6: 7KH DOJRULWKP  GHVFULEHV D FRPSXWDWLRQDO
PHWKRGZKHUH WKHFRPPXQLFDWLRQVEHWZHHQ WKHSURFHVVRUV
FDQ EH DV\QFKURQRXV $PRQJ WKHP SDUDOOHO V\QFKURQRXV
PHWKRGVDUHPRGHOOHGZKHQUr rrPRUHRYHULI
sr ^E`DQGUr rrLH+ ^^E`
«^ E`«` WKHQGHVFULEHV WKHVHTXHQWLDOEORFN
-DFRELPHWKRGZKLOHLIsr r.modEDQGUr rrLH+ ^^`^`^E`^`«^E`«`WKHQ
PRGHOV WKH VHTXHQWLDO EORFN *DXVV6HLGHO PHWKRG VHH
0LWWDOLQDGGLWLRQLI+ ^^`^E`^E`^E ±`
«^`^`^E`^E`«^``DQGUr rr
WKHQPRGHOVWKHDOWHUQDWLQJGLUHFWLRQPHWKRG$',VHH
*H7DQJDQG&KULVWRY6RWKHSUHYLRXVPRGHO
RISDUDOOHODV\QFKURQRXVUHOD[DWLRQDOJRULWKPDSSHDUVOLNHD
JHQHUDOPRGHO
6XEWUDFWLQJ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ZKHUH ____p LV WKHFODVVLFDO lpQRUPGHILQHG LQ in\  WKHQE\
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 EHLQJ DQ 0PDWUL[ LW IROORZV WKDW WKH GLDJRQDO
VXEPDWULFHViii ^  E` DUH DOVR0PDWULFHV VR
DSSO\LQJ D FKDUDFWHULVDWLRQ RI 0PDWULFHV IURP 6SLWHUL
 WKHVH VXEPDWULFHV DUH VWURQJO\ DFFUHWLYH PDWULFHV
DQG FRQVHTXHQWO\i ^ E` WKH IROORZLQJ LQHTXDOLW\
KROGV              ! t  !r rii i i i ii i iii i
p
g P P . . . .  
FRQFHUQLQJ WKH ULJKW KDQG VLGH RI WKH UHODWLRQ  WKH
PDSSLQJ< . . >i EHLQJ D ELOLQHDU IRUPj ^ E`
j ziIRUDOOp>@ZHREWDLQWKHIROORZLQJXSSHUERXQG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ZKHUHȝijGHQRWHVWKHVXERUGLQDWHPDWULFLDOQRUPDVVRFLDWHG
ZLWKWKHVFDODUQRUP____p1RZWDNLQJLQWRDFFRXQWUHODWLRQV
DQGZHREWDLQILQDOO\WKHIROORZLQJLQHTXDOLW\
     ^ ` z d   ¦ ijr i j ji pp iij i iP EP. . / .  
/HWXVQRZGHQRWHE\ " WKHEuEPDWUL[ZLWKHQWULHV
LI 
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WKHQFOHDUO\ " LVWKH-DFRELPDWUL[DVVRFLDWHGWRWKHPDWUL[
% ZLWKGLDJRQDOHQWULHVȝiiDQGRIIGLDJRQDOHQWULHVíȝij
DQGREYLRXVO\ " LVDQRQQHJDWLYHPDWUL[0RUHRYHUOHWXV
GHILQHWKHYHFWRULDOQRUPRIDYHFWRU1E\WKHSRVLWLYH
YHFWRURIEWKHFRPSRQHQWVRIZKLFKDUHJLYHQE\

^ `  __ __   o  i pq1 1 1 
WKXV WKH LQHTXDOLWLHV  FRUUHVSRQG WR D YHFWRULDO
/LSVFKLW]FRQGLWLRQDQGFDQEHZULWWHQDVIROORZV        d   rq q. . " / . / 
,I IXUWKHUPRUH WKH VSHFWUDO UDGLXV RI WKHPDWUL[ "  LV OHVV
WKDQ RQH WKHQ WKH SDUDOOHO DV\QFKURQRXV LWHUDWLYH
VXEGRPDLQ PHWKRG ZLWKRXW RYHUODSSLQJ GHILQHG E\ 
FRQYHUJHVVHH%DXGHW0LHOORX6XFKVLWXDWLRQ
RFFXUVZKHQ % LVDQ0PDWUL[
7KH PDWUL[ "  EHLQJ D QRQQHJDWLYH PDWUL[ WKHQ
DFFRUGLQJ WR D UHVXOW RI .DV]NXUHZLF] DQG %KD\D 
WKHUHH[LVWVDVWULFWO\SRVLWLYHYHFWRU*RIEDQGDSRVLWLYH
UHDOQXPEHUQ VDWLVI\LQJQ < VXFK WKDW "฀*Q.*.
&RQVLGHUQRZWKHZHLJKWHGPD[LPXPQRUPGHILQHGE\
 
__ ____ __ PD[ * f d d § · ¨ ¸*© ¹i pi iE .. 
7KHQ DFFRUGLQJ WR D UHVXOW RI 0LHOORX  WKH IL[HG
SRLQW PDSSLQJ DVVRFLDWHG ZLWK WKH SDUDOOHO DV\QFKURQRXV
PHWKRG  LV FRQWUDFWLQJ ZLWK UHVSHFW WR WKH DERYH
ZHLJKWHG XQLIRUP QRUP VR DFFRUGLQJ WR D UHVXOW RI (O
7DUD]L  WKH DV\QFKURQRXV PHWKRG FRQYHUJHV WR WKH
VROXWLRQRIWKHSUREOHP)URPDSUDFWLFDOSRLQWRIYLHZ
ZH FDQ FRQVLGHU QRZ VRPH SDUWLFXODU FDVHV ,QGHHG QRWH
WKDW WKHSUHYLRXVPDWKHPDWLFDODQDO\VLV LVSDUWLFXODUO\HDV\
VHH *LUDXG DQG 6SLWHUL 0LHOORX DQG 6SLWHUL 
ZKHQ p    RU p    GXH WR WKH SURSHUWLHV RI GLDJRQDO
GRPLQDQFHRIWKHEORFNGLDJRQDOPDWULFHViii^ E`,QGHHGLQWKHVHFDVHVLIIRUH[DPSOHDQDWXUDORUGHULQJ
RI WKH JULG SRLQWV LV FKRVHQ WKHQ IRU WKH QDWXUDO EORFN
GHFRPSRVLWLRQRIWKHPDWUL[WKHHQWULHVȝijRIWKHPDWUL[
%  FRUUHVSRQG WR WKH HQWULHV RI WKH GLVFUHWLVDWLRQ PDWUL[
REWDLQHG IRU H[DPSOH LQ WKH WZR GLPHQVLRQDO FDVH ZKHQ
d  DQGDVSUHYLRXVO\VDLG " LVWKH-DFRELPDWUL[RIWKH
PDWUL[ %฀QRWHWKDWWKHPDWUL[ % LVDQ0PDWUL[:KHQ
p    LQ RUGHU WR REWDLQ WKH YDOXH RI ȝii WKH VPDOOHVW
HLJHQYDOXH RI WKH iWK GLDJRQDO EORFN RI p KDV WR EH
FRPSXWHG WKH YDOXHV RI ȝij i z j FRUUHVSRQG WKHQ WR WKH
YDOXHV RI WKH QRUPV RI WKH RIIGLDJRQDO EORFNVij j z i
FRPSDUHGWRWKHFDVHZKHUHp  RUp  WKHFDVHZKHUH
p  QHHGV WKHQHFHVVDU\FRPSXWDWLRQRI WKHHLJHQYDOXHV
RIWKHiWKGLDJRQDOEORFNRIpDQGFRQVHTXHQWO\GXHWRWKH
DPRXQW RI FRPSXWDWLRQ PDNHV WKLV ODVW FULWHULRQ OHVV
FRQYHQLHQW VLQFH WKH GLDJRQDO EORFNV RI WKHPDWUL[ FKDQJH
GXULQJ WKH FRPSXWDWLRQ 6LQFH REYLRXVO\ %  LV DQ
0PDWUL[ WKHQ WKHSDUDOOHO V\QFKURQRXV DQGDV\QFKURQRXV
VXEGRPDLQ PHWKRGV ZLWKRXW RYHUODSSLQJ FRQYHUJH 7KH
UHDGHULVUHIHUUHGWR*LUDXGDQG6SLWHULDQG0LHOORX
DQG6SLWHULIRUPRUHGHWDLOV

6RZHFDQVXPPDULVHWKHSUHYLRXVVWXG\DVIROORZV
Proposition 1: &RQVLGHUWKHVROXWLRQRIWKHDOJHEUDLFV\VWHP
E\ WKHSDUDOOHO DV\QFKURQRXV UHOD[DWLRQPHWKRGV 
DVVXPH WKDW DVVXPSWLRQ  KROGV )XUWKHUPRUH DVVXPH
DOVR WKDW WKHPDWUL[ %  ZLWK GLDJRQDO HQWULHV HTXDO WR ȝii
DQGRIIGLDJRQDOHQWULHVHTXDOWRíȝijjziLVDQ0PDWUL[
7KHQWKHSDUDOOHOV\QFKURQRXVDQGDV\QFKURQRXVVXEGRPDLQ
PHWKRGVZLWKRXWRYHUODSSLQJFRQYHUJHVWRWKHVROXWLRQ
RIWKHSUREOHP
Remark 7: 7KHDVVXPSWLRQVRI3URSRVLWLRQFRUUHVSRQGWR
WKH FRQWH[W GHYHORSHG LQ *LUDXG DQG 6SLWHUL  DQG
0LHOORX DQG 6SLWHUL  ZKHUH WKH FRQYHUJHQFH RI WKH
LWHUDWLYH DOJRULWKP LV DQDO\VHG E\ FRQWUDFWLRQ WHFKQLTXHV
QHYHUWKHOHVV ZH FDQ DOVR DQDO\VH WKH FRQYHUJHQFH RI WKH
FRQVLGHUHG LWHUDWLYHPHWKRGE\SDUWLDORUGHULQJ WHFKQLTXHV
E\DSSO\LQJ WKHUHVXOWVRI0LHOORXHWDO DQG6SLWHUL
HWDO
Remark 8: 0RUHRYHU DVVXPH WKDW WKH DOJHEUDLF V\VWHP LV
VSOLW LQWR E  EORFNV  dE E  FRUUHVSRQGLQJ WR D FRDUVHU
VXEGRPDLQGHFRPSRVLWLRQZLWKRXWRYHUODSSLQJWKHQXVLQJD
UHVXOW LQ 0LHOORX DQG 6SLWHUL  LW FDQ EH
VKRZQ E\ XVLQJ WKH VDPH DUJXPHQWV WKDW WKH SDUDOOHO
DV\QFKURQRXV EORFN UHOD[DWLRQ PHWKRGV FRQYHUJH IRU WKLV
FRDUVHU GHFRPSRVLWLRQ )XUWKHUPRUH LI WKH VXEGRPDLQ
GHFRPSRVLWLRQ DVVRFLDWHG ZLWK E EORFNV LV D SRLQW
GHFRPSRVLWLRQ WKHQ WKH FODVVLFDO SDUDOOHO DV\QFKURQRXV
EORFN UHOD[DWLRQ PHWKRGV FRQYHUJH IRU HYHU\ VXEGRPDLQ
FRDUVHU GHFRPSRVLWLRQ DQG IRU HYHU\ QXPEHULQJ
OH[LFRJUDSKLFDORUUHGEODFNRIWKHEORFNV
2.4.2 Parallel subdomain iterative methods with 
overlapping 
,IZH FRQVLGHU QRZ WKH QXPHULFDO VROXWLRQ RI  E\ WKH
6FKZDU] DOWHUQDWLQJPHWKRG FRUUHVSRQGLQJ WR WKH IDFW WKDW
WKH VXEGRPDLQV RYHUODS HDFK RWKHU WKHQZH KDYH WR VROYH
WKHIROORZLQJV\VWHP   .฀  
LQVWHDGRIZKHUH    . DQG  DUHGHULYHGIURPWKH
DXJPHQWDWLRQSURFHVVRIWKH6FKZDU]DOWHUQDWLQJPHWKRG
/HWE EH D SRVLWLYH LQWHJHU DQG FRQVLGHU QRZ WKH
IROORZLQJ EORFN GHFRPSRVLWLRQ RI SUREOHP  LQWR E 
VXESUREOHPV

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 t¦ DQG  ij    DFFRUGLQJ
WRWKHDVVRFLDWHGEORFNGHFRPSRVLWLRQ
&RQVLGHU QRZ WKH VROXWLRQ RI WKH VXESUREOHPV ZLWK
RYHUODSSLQJ  E\ DQ DV\QFKURQRXV SDUDOOHO LWHUDWLRQ
VHH%DXGHW0LHOORXZKLFKFDQEHZULWWHQDV
IROORZV
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ZKHUH   ^       `i i E    / / / / DUH WKHDYDLODEOHYDOXHV
RI WKH FRPSRQHQWV j.  IRU j z i DQG GHILQHG E\
      j rj j U/ .  ZKHUH+   ^sr`rN LV D VHTXHQFH RI QRQ
HPSW\VXEVHWVRI^..E`GHQRWLQJWKHVXEVHWVRILQGLFHV
RIWKHFRPSRQHQWVXSGDWHGDWWKHr WKLWHUDWLRQ*DQG+
DUHGHILQHGE\DQDQDORJRXVZD\WKDQWKHRQHFRQVLGHUHGLQ
6XEVHFWLRQ
$FFRUGLQJ WR D UHVXOW RI (YDQV DQG 'HUHQ  WKH
PDWUL[  LVDOVRDQ0PDWUL[6RWKHV\VWHPUHVXOWLQJ
IURP WKH DXJPHQWDWLRQ SURFHVV KDV WKH VDPH SURSHUWLHV DV
WKH LQLWLDO DOJHEUDLF V\VWHP  ,Q WKLV FRQWH[W ZH FDQ
DSSO\D UHVXOWRI0LHOORXHWDO DQGFRQFOXGH WR WKH
FRQYHUJHQFH RI WKH SDUDOOHO DV\QFKURQRXV 6FKZDU]
DOWHUQDWLQJPHWKRGDSSOLHGWRWKHQXPHULFDOVROXWLRQRI
WKHSUREOHP6RZHFDQVXPPDULVHWKHSUHYLRXVVWXG\
DVIROORZV
Proposition 2:&RQVLGHUWKHVROXWLRQRIWKHDOJHEUDLFV\VWHP
 E\ WKH SDUDOOHO DV\QFKURQRXV 6FKZDU] DOWHUQDWLQJ
PHWKRG  DVVXPH WKDW DVVXPSWLRQ KROGV7KHQ WKH
SDUDOOHO DV\QFKURQRXV 6FKZDU] DOWHUQDWLQJ PHWKRG 
FRQYHUJHV WR WKH VROXWLRQ RI WKH SUREOHP  IRU HYHU\
LQLWLDOJXHVV
Remark 9:1RWH WKDW LQVWHDG RI WKH 6FKZDU] PHWKRG ZH
FDQ DOVR VROYH WKH ODUJH DOJHEUDLF V\VWHP  E\ DQ
DV\QFKURQRXV PXOWLVSOLWWLQJ PHWKRG VHH 6SLWHUL HW DO

2.4.3 Application to the solution of the G-heat 
equation. 
1RZ WKDQNV WR WKH UHVXOW RI WKH /HPPD  VLQFH DW HDFK
WLPH VWHS RI WKH WLPH PDUFKLQJ VFKHPH WKH PDWUL[
     tI A UG  LV DQ 0PDWUL[ ZH FDQ FRQFOXGH
LPPHGLDWHO\WKDWWKHSDUDOOHOV\QFKURQRXVRUPRUHJHQHUDOO\
DV\QFKURQRXV VXEGRPDLQ PHWKRG ZLWK RU ZLWKRXW
RYHUODSSLQJ FRQYHUJH IRU HYHU\ GHFRPSRVLWLRQ RI WKH
GRPDLQ ȍ. 0RUHRYHU DFFRUGLQJ WR WKH 5HPDUN  WKH
FODVVLFDOVHTXHQWLDOUHOD[DWLRQDOJRULWKPVFRQYHUJHWRR
 1XPHULFDOH[SHULPHQWV
)RU WKH QXPHULFDO H[SHULPHQWVZH KDYH LPSOHPHQWHG ERWK
VHTXHQWLDO+RZDUGUHOD[DWLRQDOJRULWKPVFRUUHVSRQGLQJWRD
FRXSOLQJRI WKH+RZDUGPHWKRGZLWK D UHOD[DWLRQPHWKRG
OLNH WKH -DFREL PHWKRG RU WKH *DXVV6HLGHO PHWKRG
DQG DOVR WKH FRPSDULVRQ RI WKH SDUDOOHO V\QFKURQRXV DQG
DV\QFKURQRXVVXEGRPDLQPHWKRGVZLWKRXWRYHUODSSLQJ

7DEOH 1XPEHURIWLPHVWHSVDQGRIGLVFUHWLVDWLRQSRLQWVRQHDFKD[LVIRUd 
d = 1 d = 2 d = 3 
Time step Discretisation points Time step Discretisation points Time step Discretisation points 
         

,Q VXFK H[SHULPHQWV WKH ILQLWH GLIIHUHQFH GLVFUHWLVDWLRQ LV
SHUIRUPHGRQDFODVVLFDO&DUWHVLDQJULGGHILQHGLQDVTXDUH
RUFXELFGRPDLQ>@dd 1RWHWKDWZHFDQFKRRVHWKH
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7KHQ WKH WLPH PDUFKLQJ DOJRULWKP IRU WKH VROXWLRQ RI WKH
*KHDWHTXDWLRQFDQEHZULWWHQDVIROORZV
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
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7KHUHVXOWVRIVXFKQXPHULFDOH[SHULPHQWVDUHVXPPXULVHG
EHORZ
3.1 Sequential experiments. 
6HTXHQWLDOH[SHULPHQWVKDYHEHHQFRQGXFWHGRQDSHUVRQDO
FRPSXWHU)RUWKHVDNHRIVLPSOLFLW\WKHLPSOHPHQWDWLRQLV
FDUULHG RXW E\ XVLQJ 0$7/$% IDFLOLWLHV ,Q WKHVH
H[SHULPHQWVZHKDYHFRQVLGHUHGWKHFDVHVZKHUHȍ >@d
LVVXFFHVVLYHO\LQFOXGHGLQdIRUd  . 7DEOHVKRZV
WKH PD[LPDO QXPEHU RI WLPH VWHSV DQG WKH QXPEHU RI
GLVFUHWLVDWLRQSRLQWVRQHDFKD[LVIRUHDFKYDOXHRId. ,QWKH
VHTXHQWLDO H[SHULPHQWV QRWH WKDW WKH WKUHVKROG RI WKH
VWRSSLQJ FULWHULD IRU WKH +RZDUG PHWKRG DQG IRU WKH
UHOD[DWLRQPHWKRGLVIL[HGWR.e í.
,QWKHFDVHZKHUHd  ZHKDYHFRPSDUHGWKHVROXWLRQ
JLYHQE\RXUPHWKRGWRWKHRQHREWDLQHGE\*RQJDQG<DQJ
E\XVLQJWKH1HZWRQPHWKRGIRUWKHVROXWLRQRIWKH
IROORZLQJH[DPSOHDULVLQJIURPILQDQFLDOPDUNHWV
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ZKHUH       TV V  DQGZH FDQ FRQFOXGH WKDW WKH
WZRVROXWLRQVDUHWKHVDPHVHH)LJXUH
)LJXUH 1XPHULFDOVROXWLRQRIWKHHYROXWLRQ*KHDWHTXDWLRQ
VHHRQOLQHYHUVLRQIRUFRORXUV

)RU WKH PRGHO SUREOHP ZH KDYH WR VROYH YHU\ ODUJH
DOJHEUDLF V\VWHPV VR VLQFH WKH PDWULFHV DUH YHU\ VSDUVH
LWHUDWLYHPHWKRGVOLNHUHOD[DWLRQPHWKRGVDUHJHQHUDOO\ZHOO
DGDSWHGH[FHSWZKHQd  ZKHUHZHFDQDOVRFRQVLGHUWKH
VROXWLRQ RI HDFK DOJHEUDLF V\VWHP E\ WKH 7'0$PHWKRG
FRUUHVSRQGLQJWRWKHFODVVLFDO*DXVVPHWKRGDGDSWHGWRWKH
FDVHZKHUH WKHPDWUL[A LV D WULGLDJRQDOPDWUL[1RWH DOVR
WKDWIRUODUJHYDOXHVRIdWKHSRLQWUHOD[DWLRQPHWKRGVDUH
ZHOODGDSWHG WR WKHVROXWLRQRIRXUPRGHOSUREOHP LQGHHG
WKHEORFNUHOD[DWLRQPHWKRGVQHHGWKH*DXVVLDQHOLPLQDWLRQ
RI HDFK WULGLDJRQDO EORFN DW HDFK VWHS RI WKH +RZDUG
PHWKRGDQGWKLVLVYHU\WLPHFRQVXPLQJ
)LQDOO\ RWKHU LWHUDWLYH PHWKRGV OLNH WKH FRQMXJDWH
JUDGLHQW PHWKRG RU WKH SUHFRQGLWLRQHG FRQMXJDWH JUDGLHQW
PHWKRG DUH QRW UHOHYDQW VLQFH LQ IDFWZH KDYH WR VROYH D
NLQG RI FRPSOHPHQWDU\ SUREOHP UHODWHG WR DSSOLFDWLRQV
ZKHUH WKH VROXWLRQ LV VXEPLWWHG WR VRPH FRQVWUDLQWV
VHH6SLWHUL HW DO  WKHQZKHQ WKH FRQVWUDLQWVRQ WKH
VROXWLRQ DUH VDWXUDWHG LW LV GLIILFXOW WR ILQG D FRQMXJDWH
GLUHFWLRQ
7DEOH (ODSVHGWLPHVHFQXPEHURIOLQHDULVDWLRQDQGDYHUDJHQXPEHURI*DXVV6HLGHOLWHUDWLRQIRUHDFKOLQHDULVDWLRQSKDVH
IRUd 
Howard-relaxation 3D Howard-relaxation 2D Howard-Gauss 1D 
Time Linear. G.S. iterat. Time Linear. G.S. iterat. Time Linear. 
  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   
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
2ZLQJ WR WKH IDVWHU UDWH RI FRQYHUJHQFH ERWK IRU WKH
OLQHDULVDWLRQSURFHVVDQGDOVRIRU WKHUHOD[DWLRQPHWKRGIRU
WKH VROXWLRQ RI WKH OLQHDU V\VWHPV ZH FRQVLGHU IRU WKH
VHTXHQWLDOH[SHULPHQWVWKHXVHRIWKH*DXVV6HLGHOPHWKRG
LQGHHGRQRQHKDQGWKH*DXVV6HLGHOPHWKRGLVWZLFHIDVWHU
WKDQ WKH -DFRELPHWKRG DQG RQ WKH RWKHU KDQGZH FDQQRW
FRQVLGHU WKH XVH RI D UHOD[DWLRQ SDUDPHWHU GXH WR WKH IDFW
WKDWDWHDFKVWHSRIWKH+RZDUGPHWKRGWKHPDWUL[WRLQYHUW
LV QRW WKH VDPH 1RWH DOVR WKDW WKH PDWUL[  LV QRW
V\PPHWULFDQG WKHQ WKHFRQMXJDWHJUDGLHQWPHWKRGFDQQRW
EH XVHG H[FHSW WKH JHQHUDOLVHGPLQLPXP UHVLGXDOPHWKRG
*05(6
)RU  WLPH VWHSV 7DEOH  VKRZV IRU d      WKH
HODSVHG WLPH RI FRPSXWDWLRQ LQ VHFRQGV WKH QXPEHU RI
OLQHDULVDWLRQDWHDFKWLPHVWHSDQGZKHQd  WKHDYHUDJH
QXPEHURI LWHUDWLRQV IRU WKH*DXVV6HLGHOPHWKRG IRU HDFK
OLQHDULVDWLRQVWHS:HQRWHWKDWWKHFRQYHUJHQFHLVIDVWDQG
WKDW WKH HODSVHG WLPH RI FRPSXWDWLRQ LV VKRUW 7KHQ WKH
+RZDUGUHOD[DWLRQPHWKRGLVZHOODGDSWHGWRWKHVROXWLRQRI
WKHQRQOLQHDUPRGHOSUREOHP
3.2 Parallel experiments 
,Q WKH 'QXPHULFDO H[SHULPHQWV WKH GRPDLQ: LV D FXEH
>@ ,Q WKH OLQHDULVDWLRQSURFHVV DW HDFK WLPH VWHS WKH
OLQHDU HTXDWLRQV DUH VROYHG E\ D SRLQW *DXVV6HLGHO
UHOD[DWLRQ PHWKRG ZKLFK LV HDV\ WR LPSOHPHQW 7KH
DVVRFLDWHG VWRSSLQJ FULWHULRQ LV WKH XQLIRUP QRUP RI WKH
GLIIHUHQFHEHWZHHQWZRVXFFHVVLYHLWHUDWLRQYHFWRUV
7KH SDUDOOHOLVDWLRQ LV SHUIRUPHG ZLWK 03, IDFLOLWLHV
7KH UHDGHU LV UHIHUUHG WR 3HWFX  IRU D VWXG\ RI
WKH VSHHGXS ZKHQ LPSOHPHQWDWLRQ RI SGH LV SHUIRUPHG
RQ ZRUNVWDWLRQV 7KH GRPDLQ GHFRPSRVLWLRQ FRQVLVWV LQ
VSOLWWLQJ WKH FXEHȍ LQWR SDUDOOHOHSLSHGV RQO\ WKH y DQG z
D[LV DUH FXW 7KH ZKROH FRPSXWDWLRQ    LV
SDUDOOHOLVHG DQG LPSOHPHQWHG ZLWK 03, 7KH SDUDOOHO
QXPHULFDO H[SHULPHQWV KDYH EHHQ FDUULHG RXW RQ WKH
+3&#/5 VXSHUFRPSXWLQJ FHQWUH ORFDWHG LQ 0RQWSHOOLHU
)UDQFHDQGRQ*ULG
3.2.1 Parameters 
7KH SDUDPHWHUV WKDW KDYH EHHQ VHW XS IRU WKH QXPHULFDO
H[SHULPHQWVDUHx QXPEHURIGLVFUHWLVDWLRQSRLQWVIRUWKHD[LVxyDQG
z: DQGVRN   x  V 
x  V 
x Gt .x QXPEHURIWLPHVWHSVx VWRSSLQJWKUHVKROGIRUOLQHDULVDWLRQLWHUDWLRQVíx VWRSSLQJWKUHVKROGIRU*DXVV6HLGHOUHOD[DWLRQVí
)XUWKHUPRUHWKHLQLWLDOFRQGLWLRQLV
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7KLV LQLWLDOFRQGLWLRQ LV VXLWDEOH IRU WKH'LULFKOHWERXQGDU\
FRQGLWLRQV DQGPRUHRYHU WKH FXUYDWXUHRIut   LV VXFK
WKDWWKHVLJQRI'u LVQRWFRQVWDQWDFURVVWKHGRPDLQ:$VD
FRQVHTXHQFH ERWK V  DQG V  DUH FRQVLGHUHG LQ WKH
FRPSXWDWLRQ RI WKH OLQHDULVDWLRQ PDWUL[ RI WKH *KHDW
RSHUDWRU
3.2.2 Results on HPC@LR 
7KH SDUDOOHO QXPHULFDO H[SHULPHQWV KDYH EHHQ FDUULHG RXW
RQ WKH +3&#/5 VXSHUFRPSXWLQJ FHQWUH ORFDWHG LQ
0RQWSHOOLHU)UDQFH7KH+3&#/5FOXVWHULVFRPSRVHGRI
ELSURFHVVRU 603 QRGHV RQ  *%V ,QILQLEDQG QHWZRUN
(DFKQRGHKDVWZR,QWHO;HRQ:HVWPHUHFRUHSURFHVVRUV
VKDULQJ*E\WHVRIPHPRU\
7KH SDUDOOHO HIILFLHQFLHV UHSRUWHG LQ 7DEOH  DUH SRRU
RZLQJ WR WKHGRPDLQ VSOLWWLQJ WKDW GRHVQRW FXW WKHx D[LV
ZKLFK LVQRWRSWLPDO IURP WKHPHVVDJHSDVVLQJVWDQGSRLQW
6LQFH &38 WHFKQRORJ\ WHQGV WR LPSURYH IDVWHU WKDQ
LQWHUFRQQHFWLRQ EDQGZLGWK WKH LPSDFW RI FRPPXQLFDWLRQ
RYHUKHDG ZLOO EH LQFUHDVLQJ 7KLV VLWXDWLRQ LV YHU\
LQWHUHVWLQJ IRU WKH VWXG\ RI WKH DV\QFKURQRXV LWHUDWLYH
DOJRULWKPV
7DEOH  VKRZV WKDW WKH DV\QFKURQRXV UHOD[DWLRQV DUH
LQWHUHVWLQJ DERYH HLJKW QRGHV %HORZ HLJKW QRGHV WKH
V\QFKURQRXVUHOD[DWLRQVKDYHDWHQGHQF\WRSHUIRUPEHWWHU
7DEOHPD\VXJJHVWWKDWWKHGURSRIHIILFLHQF\REVHUYHGLQ
WKHV\QFKURQRXVDOJRULWKPLVGXHWRWKHLQFUHDVHRIWKHWRWDO
QXPEHURIUHOD[DWLRQ,QGHHGWKLVZHOONQRZQEHKDYLRXULV
UHODWHG WR WKHSDUDOOHOLVDWLRQRI WKH*DXVV6HLGHO UHOD[DWLRQ
VFKHPH+RZHYHU7DEOHVKRZVWKDWWKHGURSRIHIILFLHQF\
LV PDLQO\ GXH WR PHVVDJH SDVVLQJ LVVXHV ,QGHHG LQ WKH
V\QFKURQRXV FDVH WKH PHDQ HIILFLHQFLHV RI RQH UHOD[DWLRQ
DUHFORVHWRWKHJOREDOHIILFLHQFLHV

7DEOH (ODSVHGWLPHVHFVSHHGXSDQGHIILFLHQF\IRUWKHVROXWLRQRI'*KHDWHTXDWLRQîîRQILYHWLPHVWHSV
ZLWK+3&#/5
nb. 
node 
nb. 
core 
Synchronous Asynchronous 
Time Speed-up Efficiency Time Speed-up Efficiency 
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7DEOH 7RWDOQXPEHURI*DXVV6HLGHOUHOD[DWLRQVDQGWRWDO
QXPEHURIOLQHDULVDWLRQLWHUDWLRQVIRUWKHVROXWLRQRI
'*KHDWHTXDWLRQîîRQILYHWLPH
VWHSVZLWK+3&#/5
nb. 
node 
nb. 
core 
Synchronous Asynchronous 
Relaxations Iter. lin. Relaxations Iter. lin.
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7DEOH 0HDQHIILFLHQF\SHUUHOD[DWLRQIRUWKHVROXWLRQRI'
*KHDWHTXDWLRQîîRQILYHWLPHVWHSV
ZLWK+3&#/5
nb. 
node 
nb. 
core 
Mean efficiency per relaxation 
Synchronous Asynchronous 
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0RUHRYHU7DEOHVDQGVKRZWKDWXVLQJWKHDV\QFKURQRXV
PHWKRG OHDGV WR D VORZHU FRQYHUJHQFH KLJKHU QXPEHU RI
UHOD[DWLRQV EXW WKLV GURS RI FRQYHUJHQFH VSHHG LV
FRPSHQVDWHG E\ PRUH HIILFLHQW SDUDOOHO UHOD[DWLRQV 7KH
PHDQ HIILFLHQF\ RI D SDUDOOHO UHOD[DWLRQ LV KLJKHU LQ WKH
DV\QFKURQRXV FDVH DERYH WZR QRGHV )XUWKHUPRUH WKH
SDUDOOHO DV\QFKURQRXV UHOD[DWLRQV GR QRW VXIIHU IURP
PHVVDJH SDVVLQJ LVVXHV DERYH HLJKW QRGHV 7KH RYHUDOO
SHUIRUPDQFH RI WKH SDUDOOHO FRPSXWDWLRQ KDV OHVV YDULDWLRQ
LQWKHDV\QFKURQRXVFDVH
1RWH WKDW 7DEOH  DOVR VKRZV WKH WRWDO QXPEHU RI
OLQHDULVDWLRQ LWHUDWLRQV %\ XVLQJ DV\QFKURQRXV UHOD[DWLRQV
LQVLGH WKH OLQHDULVDWLRQ SURFHVV WKH QXPEHU RI LWHUDWLRQV
PD\EHKLJKHU
3.2.3 Grid5000 results 
7KH SDUDOOHO QXPHULFDO H[SHULPHQWV KDYH EHHQ FDUULHG RXW
RQ WKH *ULG QDWLRQDO JULG FRPSXWLQJ SODWIRUP
)UDQFH7KH FOXVWHU WKDW KDV EHHQXVHG IRU WKH QXPHULFDO
H[SHULPHQWV LV ORFDWHG DW 6RSKLD$QWLSROLV 7KH QRGHV DUH
FRPSRVHG RI ELSURFHVVRU 603*LJDELW (WKHUQHW QHWZRUN
(DFKQRGH KDV WZR ,QWHO;HRQ1HKDOHP FRUH SURFHVVRUV
VKDULQJ*E\WHVRIPHPRU\1RWHWKDWRQO\WZRFRUHVSHU
QRGHZHUHXVHGGXULQJWKHH[SHULPHQWV
7DEOH  VKRZV WKDW WKH DV\QFKURQRXV UHOD[DWLRQV DUH
LQWHUHVWLQJ DERYH VL[ QRGHV %HORZ VL[ QRGHV WKH
V\QFKURQRXVUHOD[DWLRQVKDYHDWHQGHQF\WRSHUIRUPEHWWHU
7DEOHPD\VXJJHVWWKDWWKHGURSRIHIILFLHQF\REVHUYHGLQ
WKHV\QFKURQRXVDOJRULWKPLVGXHWRWKHLQFUHDVHRIWKHWRWDO
QXPEHURIUHOD[DWLRQ,QGHHGWKLVZHOONQRZQEHKDYLRXULV
UHODWHG WR WKHSDUDOOHOLVDWLRQRI WKH*DXVV6HLGHO UHOD[DWLRQ
VFKHPH+RZHYHU7DEOHVKRZVWKDWWKHGURSRIHIILFLHQF\
LV PDLQO\ GXH WR PHVVDJH SDVVLQJ LVVXHV ,QGHHG LQ WKH
V\QFKURQRXV FDVH WKH PHDQ HIILFLHQFLHV RI RQH UHOD[DWLRQ
DUHFORVHWRWKHJOREDOHIILFLHQFLHV
&RPSDUHGWR7DEOH7DEOHVKRZVWKDWXVLQJGLIIHUHQW
&38V DOORZ ERWK DOJRULWKPV WR SHUIRUP EHWWHU 1RWH WKDW
DERYHVL[QRGHV LQ WKH*ULGFOXVWHU WKHDV\QFKURQRXV
DOJRULWKPEHFRPHVPRUHHIILFLHQWWKDQWKHV\QFKURQRXVRQH
ZKHUHDV LQ WKH VXSHUFRPSXWLQJ FOXVWHU ZLWK ODUJHU QRGHV
DQG IDVWHU QHWZRUN WKH DV\QFKURQRXV DOJRULWKPV SHUIRUPV
EHWWHUIURPHLJKWWRWHQQRGHV7KLVFRPSDULVRQDOORZVXVWR
VWDWH WKDW DV\QFKURQRXV DOJRULWKPV SHUIRUP ZHOO ZLWK
GLVWULEXWHGQRGHVZLWKIHZFRUHVSHUQRGH
7KLVFRUUHVSRQGVLQRWKHUZRUGV WR WKHFRQWH[WRIKLJK
FRPPXQLFDWLRQRYHUKHDGZLWKUHVSHFWWR&38VSHHG1RWH
DOVR WKDWZLWK IHZHU FRUHV HDFK VXEGRPDLQ KDVPRUH JULG
SRLQWV 7KXV LQ*ULG  H[SHULPHQWV WKH ZRUNORDG SHU
FRUH LV KLJKHU WKDQ LQ +3&#/5 H[SHULPHQWV 7KLV DOVR
H[SODLQV ZK\ SDUDOOHO DOJRULWKPV SHUIRUPPRUH HIILFLHQWO\
KHUH
7DEOH (ODSVHGWLPHVHFVSHHGXSDQGHIILFLHQF\IRUWKHVROXWLRQRI'*KHDWHTXDWLRQîîRQILYHWLPHVWHSV
ZLWK*ULG
nb. 
node 
nb. 
core 
Synchronous Asynchronous 
Time Speed-up Efficiency Time Speed-up Efficiency 
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
7DEOH 7RWDOQXPEHURI*DXVV6HLGHOUHOD[DWLRQVDQGWRWDO
QXPEHURIOLQHDULVDWLRQLWHUDWLRQVIRUWKHVROXWLRQRI
'*KHDWHTXDWLRQîîRQILYHWLPH
VWHSVZLWK*ULG
nb. 
node 
nb. 
core 
Synchronous Asynchronous 
Relaxations Iter. lin. Relaxations Iter. lin.
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7DEOH 0HDQHIILFLHQF\SHUUHOD[DWLRQIRUWKHVROXWLRQRI'
*KHDWHTXDWLRQîîRQILYHWLPHVWHSV
ZLWK*ULG
nb. 
node 
nb. 
core 
Mean efficiency per relaxation 
Synchronous Asynchronous 
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7KH GURS RI HIILFLHQF\ RI WKH V\QFKURQRXV DOJRULWKP
REVHUYHGLQ7DEOHLVDOVRSUHVHQWLQ7DEOH,QWKHVDPH
ZD\7DEOHVKRZVWKDW WKLVGURSRIHIILFLHQF\LVDOVRGXH
WRPHVVDJH SDVVLQJ LVVXHV VLQFH WKHPHDQ HIILFLHQFLHV SHU
UHOD[DWLRQ DUH FORVH WR WKH JOREDO HIILFLHQFLHV LQ WKH
V\QFKURQRXV FDVH ,Q 7DEOH  ZH FDQ REVHUYH WKH VDPH
LQFUHDVHRI WKHQXPEHURI UHOD[DWLRQVDV LQ7DEOH)RU
DQGFRUHVWKHQXPEHURIV\QFKURQRXVUHOD[DWLRQVDUH
LGHQWLFDO LQ ERWK WDEOHV7KXV ERWK UHVXOWV DUH QXPHULFDOO\
FRPSDUDEOH
7KH UHVXOWV ZLWK *ULG FRQILUP WKDW DV\QFKURQRXV
DOJRULWKPV KDYH VORZHU FRQYHUJHQFH UDWH EXW VKRUWHU
HODSVHGWLPHZKHQWKHQXPEHURIQRGHVLVVXIILFLHQWO\KLJK
:H FDQ VWDWH WKDW WKH H[WUD FRPSXWDWLRQ WLPHV GXH WR WKH
H[WUD UHOD[DWLRQV DUH FRPSHQVDWHG E\ WKH ORZHU
FRPPXQLFDWLRQ RYHUKHDG REWDLQHG E\ XVLQJ WKH
DV\QFKURQLVP)XUWKHUPRUHVXFKFRPSHQVDWLRQZRUNVRQO\
LIWKHFRPPXQLFDWLRQRYHUKHDGLVVLJQLILFDQWZLWKUHVSHFWWR
&38ZRUNORDG%HVLGHVWKHSHUIRUPDQFHVRIDV\QFKURQRXV
LWHUDWLRQV VXIIHU IURP OHVV YDULDWLRQ WKDQ WKH V\QFKURQRXV
RQH
7DEOHVKRZVWKDWWKHQXPEHURIOLQHDULVDWLRQLWHUDWLRQV
LVDOVRKLJKHULQ*ULG7KLVEHKDYLRXULVWKHVDPHDVLQ
7DEOH
)LQDOO\ QRWH WKDWZLWK WKH VDPH NLQG RI SDUDOOHOLVDWLRQ
ZHVKRZLQWKHSUHVHQWVHFWLRQWKDWWKHHIILFLHQFLHVREWDLQHG
ZHUH EHWWHU WKDQ WKRVH REWDLQHG LQ 6HFWLRQ  :H
ZLOO DQDO\VH LQ WKH QH[W VXEVHFWLRQ WKH UHDVRQV RI
GLIIHUHQWSHUIRUPDQFHVREWDLQHGLQ+3&#/5DQG*ULGRRR
HQYLURQPHQWV
3.2.4 Comparison of performance between the 
HPC@LR and Grid5ooo environments 
,Q WKHSUHVHQW VXEVHFWLRQZHZLOO GLVFXVV WKH GLIIHUHQFHRI
SHUIRUPDQFHV REWDLQHG EHWZHHQ WKH WZR FRQVLGHUHG
H[HFXWLRQ HQYLURQPHQWV ,QGHHG UHJDUGLQJ WKH WZR
DUFKLWHFWXUHV +3&#/5 LV D FODVVLFDO +3& FOXVWHU
LH 603 QRGHV FRQQHFWHG ZLWK ,QILQLEDQG QHWZRUN

ZKHUHDV*ULG LV DGLVWULEXWHG DUFKLWHFWXUHGHSOR\HG LQ
JHRJUDSKLFDOO\ GLVWDQW VLWHV FRQQHFWHG ZLWK LQWHUQHW
QHWZRUN )RU RXU H[SHULPHQWV RQ *ULG ZH KDYH
SHUIRUPHG WKH FRPSXWDWLRQV RQ D VLWH ZKHUH ,QILQLEDQG
QHWZRUN LV QRW DYDLODEOH DQG SURFHVVRUV DUH GLIIHUHQW WKDQ
WKH RQHV RI+3&#/5 )RU WKH QXPHULFDO DVSHFWV WKH WZR
WHVWEHGV PDNH QR GLIIHUHQFH LH WKH XVHG FRGHV DQG WKH
H[SHULPHQWVDUH LGHQWLFDO:KDWZHZDQW WR VKRZZLWK WKH
FRPSDULVRQ RI SHUIRUPDQFH RQ WKHVH WZR WHVWEHGV LV WKH
JRRG EHKDYLRXU RI DV\QFKURQRXV LWHUDWLRQV 7KXV LW LV
FODVVLFDO WKDW WKH SHUIRUPDQFHV RI WKH SDUDOOHO H[SHULPHQWV
FKDQJHZKHQWKHDUFKLWHFWXUHRIWKHPXOWLSURFHVVRUFKDQJHV
,W LV WKH FDVH ZKHQ ZH XVHG +3&#/5 DQG *ULG
PDFKLQHV $ JOREDO FRPSDULVRQ RI HODSVHG WLPHV REWDLQHG
ZLWK +3&#/5 DQG *ULG IRU ERWK V\QFKURQRXV DQG
DV\QFKURQRXVDOJRULWKPVLVJLYHQLQ)LJXUH
)LJXUH &RPSDULVRQRIHODSVHGWLPHVEHWZHHQ+3&#/5DQG
*ULGIRUERWKV\QFKURQRXVDQGDV\QFKURQRXV
DOJRULWKPVVHHRQOLQHYHUVLRQIRUFRORXUV

)RU WKHVDNHRI UHDGDELOLW\)LJXUH IRFXVHVRQ WKH UHVXOWV
IRU ZKLFK HODSVHG WLPHV DUH ORZHU WKDQ  VHFRQGV
1RWH WKDW WKH VDPH GDWD LV XVHG LQ WKHVH WZR ILJXUHV WKH
RQO\GLIIHUHQFHLVWKHUDQJHRIWKHRUGLQDWHD[LV
)LJXUH &RPSDULVRQRIHODSVHGWLPHVEHWZHHQ+3&#/5DQG
*ULGIRUERWKV\QFKURQRXVDQGDV\QFKURQRXV
DOJRULWKPVIRFXVRQHODSVHGWLPHVORZHUWKDQ
VHFRQGVVHHRQOLQHYHUVLRQIRUFRORXUV

7KH UDZ GDWD SORWWHG LQ )LJXUH  VKRZV WKDW GHVSLWH
GLIIHUHQW&38DQGQHWZRUN UHJDUGLQJ WKHQXPEHURIFRUHV
WKH HODSVHG WLPHV RI SDUDOOHO UXQV LQ*ULG DUH VOLJKWO\
EHWWHUWKDQWKHRQHVREWDLQHGLQ+3&#/5IRUH[DPSOHIRU
FRUHVWKHHODSVHGWLPHREWDLQHGE\XVLQJ*ULGLH
 VHFRQGV LQ V\QFKURQRXVPRGH DQG  VHFRQGV LQ
DV\QFKURQRXV PRGH UHVSHFWLYHO\ LV OHVV WKDQ WKH RQH
REWDLQHG ZLWK +3&#/5 LH  VHFRQGV DQG 
VHFRQGV UHVSHFWLYHO\ 7KH H[SODQDWLRQ RI WKLV EHKDYLRXU LV
WKH GLIIHUHQFH LQ WKH XVDJHRI WKH QRGHV ,Q+3&#/5 DOO
WKH FRUHV RI HDFK QRGH DUH XVHG LQ SDUDOOHO H[SHULPHQWV
ZKHUHDVLQ*ULGRQO\WKHKDOIRIWKHFRUHVRIHDFKQRGH
DUH XVHG &RQVHTXHQWO\ WKH FDFKH PHPRU\ LV EHWWHU
H[SORLWHG LQ WKH ODWWHU FRQWH[W 2WKHUZLVH ZLWKRXW WKLV
WXQLQJ WKHUH LV DEVROXWHO\ QR SDUDOOHO HIILFLHQF\ RQ
*ULG 1HYHUWKHOHVV ZH FDQ QRWLFH WKDW JOREDOO\
UHJDUGLQJ WKH QXPEHU RI QRGHV EXW QRW ZLWK WKH VDPH
QXPEHU RI FRUHV LQ WKH +3&#/5 WKH HODSVHG WLPHV
FRPSXWDWLRQDUHVKRUWZKLOHLQ*ULGWKHHIILFLHQFLHVDUH
EHWWHU %HVLGHV WKH HIILFLHQFLHV SUHVHQWHG LQ 7DEOH  DUH
EHWWHUWKDQWKHRQHSUHVHQWHGLQ7DEOHLQ+3&#/5HYHQLI
WKHHODSVHGWLPHVSUHVHQWHGLQ7DEOHDUHOHVVJRRGWKDQWKH
RQHSUHVHQWHGLQ7DEOH,QWKHDV\QFKURQRXVFDVHWKHGURS
RI FRQYHUJHQFH UDWH LV FRPSHQVDWHG E\ PRUH HIILFLHQW
SDUDOOHOUHOD[DWLRQV
)XUWKHUPRUH )LJXUH  SORWV WKH UDWLR EHWZHHQ
V\QFKURQRXVDQGDV\QFKURQRXVHODSVHGWLPHVts/taLQRUGHU
WRKLJKOLJKWWKHJDLQRUWKHORVVRISHUIRUPDQFHSURYLGHGE\
WKH DV\QFKURQRXV UHOD[DWLRQV 7KLV SORW VKRZV WKDW D
FRPSXWLQJ FOXVWHU ZLWK QR ,QILQLEDQG FDQ EHQHILW EHWWHU
IURPWKHDV\QFKURQRXVPHWKRGV
)LJXUH &RPSDULVRQRIWKHUDWLREHWZHHQV\QFKURQRXVDQG
DV\QFKURQRXVHODSVHGWLPHVRQ+3&#/5DQG
*ULGVHHRQOLQHYHUVLRQIRUFRORXUV

%HVLGHV ZH FDQ UHPDUN DOVR WKDW XQGHU WHQ QRGHV WKH
V\QFKURQRXV LPSOHPHQWDWLRQJLYHVEHWWHUUHVXOWVFRPSDUHG
WR WKH DV\QFKURQRXV RQH 1RWH WKDW ZKHQ WKH QXPEHU RI
VXEGRPDLQV YDULHV WKH LQSXW GDWD WKDW FKDQJHV RQ DQ03,
SURFHVV LV WKH VL]H RI WKH VXEGRPDLQ QRW WKH VKDSH 1RWH
WKDWLQRXUH[SHULPHQWVZHKDYHQRWVRXJKWWRPLQLPLVHWKH
QXPEHU RI ERXQGDU\ YDOXHV WR H[FKDQJH ZLWK 03,
0RUHRYHU ZLWK RXU FXWWLQJ SURFHGXUH WKH QXPEHU RI
QHLJKERXUVRIHDFKVXEGRPDLQ LVHLWKHU WZRRUIRXUZKLFK
LV QRW D VLJQLILFDQW YDULDWLRQ UDQJH 0RUHRYHU WKH VSDWLDO
GLVFUHWLVDWLRQVWHSVDORQJDOOGLUHFWLRQV UHPDLQ WKHVDPHDV
WKH RQHVZH KDYH LQ WKH VHTXHQWLDO FRQILJXUDWLRQ%HVLGHV
WKHUH LV QR VSHFLILF GLVFUHWLVDWLRQ WHFKQLTXH IRU WKH
ERXQGDULHV RI D VXEGRPDLQ WKDW DUH DGMDFHQW WR DQRWKHU
VXEGRPDLQ6RSXWWLQJPRUHERXQGDULHVGRHVQRWFKDQJHWKH
GLVFUHWLVDWLRQ PDWUL[ )XUWKHUPRUH WKH SDUDPHWHUV RI WKH
*KHDWHTXDWLRQGRQRWGHSHQGRQWKHVL]HRIDVXEGRPDLQ
RU LWV VKDSH 6R WKH QXPHULFDO SDUDPHWHUV WKDW KDYH DQ
LQIOXHQFH RQ WKH PDWUL[ HQWULHV UHPDLQ XQFKDQJHG LQ DOO
SRVVLEOH FXWWLQJV RI WKH GRPDLQ 2XU SDUDOOHOLVDWLRQ LV
HTXLYDOHQW WR D EORFN GHFRPSRVLWLRQ RI D ODUJH VSDUVH
PDWUL[ ,Q RXU FDVH WKH RQO\ LQIOXHQFH RI VXEGRPDLQ
GHFRPSRVLWLRQ RQ QXPHULFDO UHVXOWV LV WKH QXPEHU RI
UHOD[DWLRQV GXH WR VRPH FODVVLFDO RUGHULQJ LVVXHV GXULQJ
SDUDOOHOUHOD[DWLRQV
,Q RXU RSLQLRQ DQG H[SHULHQFH ZKHQ WKH QXPEHU RI
VXEGRPDLQV LQFUHDVHV WKH FRQYHUJHQFH VORZV GRZQ DQG
ZKHQ ZH XVH IHZHU WKDQ WHQ QRGHV IHZHU UHOD[DWLRQV DUH
GRQH 7KXV WKH V\QFKURQLVDWLRQV DUH OHVV SHQDOLVLQJZKLFK
SHUKDSV LV DQ H[SODQDWLRQ RI WKH SDUDOOHO SHUIRUPDQFHV LQ
VXFK FDVH ,W LV DOVR UHODWHG WR LQSXW GDWD SDUWLFXODUO\ WKH
VL]HRI WKHJOREDO V\VWHP ILQDOO\ LQ WKLVFDVHZKHQ IHZHU
WKDQ WHQQRGHV DUH XVHG WKH FRQYHUJHQFH LV IDVWHU DQG WKH
ZHLJKWRIV\QFKURQLVDWLRQVLVORZ
0RUH SUHFLVHO\ IRU WKH UHDVRQV DERYHZH FDQ DQDO\VH
WKH SDUDOOHO HIILFLHQF\ ZLWK VRPH VLPSOH +3& DUJXPHQWV
:KHQWKHQXPEHURIVXEGRPDLQVLVVPDOORQWKHRQHKDQG
ZHKDYHPRUH LQWHULRUSRLQWVSHUVXEGRPDLQZKLFKPHDQV
PRUH ZRUNORDG IRU WKH &38V DQG RQ WKH RWKHU KDQG WKH
WRWDO QXPEHU RI DOO ERXQGDU\ GLVFUHWLVDWLRQ SRLQWV RI DOO
SURFHVVRUV LV VPDOOHU ZKLFK OHDGV WR OHVV WUDIILF RQ WKH
QHWZRUN2QWKHFRQWUDU\ZKHQWKHQXPEHURIVXEGRPDLQV
LVODUJHWKHUHDUHPRUHFRPSRQHQWVWREHH[FKDQJHGZKLFK
OHDGVWRPRUHWUDIILFRQWKHQHWZRUNDQGDODUJHUZHLJKWRI
V\QFKURQLVDWLRQVLQDGGLWLRQWRDVORZHUFRQYHUJHQFHRIWKH
UHOD[DWLRQPHWKRG,QWKHDV\QFKURQRXVPRGHLGOHWLPHVIRU
WKH&38DUHPLQLPLVHG
2QH FDQ UHPDUN VRPHWLPHV D VORZHU FRQYHUJHQFH EXW
QRWQHFHVVDULO\D ORQJHUHODSVHGWLPHDV ORQJDVDGGLWLRQDO
UHOD[DWLRQVDUHFKHDSHQRXJKFRPSDUHGWRWKHV\QFKURQRXV
FRPPXQLFDWLRQV 7KHQ DFFRUGLQJ WR WKH IRUPHU DQDO\VLV
RI WKH SDUDOOHO HIILFLHQF\ ZH FDQ VWDWH WKDW WKH IHZHU
VXEGRPDLQV WKH KLJKHU HIILFLHQF\ IRU V\QFKURQRXV
UHOD[DWLRQV6RZLWKIHZVXEGRPDLQVLWLVGLIILFXOWWRHQVXUH
WKDW WKH DV\QFKURQRXV UHOD[DWLRQV FDQ SHUIRUP EHWWHU WKDQ
WKHV\QFKURQRXVRQHV
 &RQFOXVLRQVDQGSHUVSHFWLYHV
7KH VWXG\ DQG WKH VROXWLRQ RI WKH GKHDW HTXDWLRQ LV D
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